
CHAPTER 13 WEB/CD EXTENSIONS

Illustration of Various Valuation Options

This Extension illustrates the valuation of growth options and abandonment options.
It also explains certainty equivalents and provides an introduction to the financial en-
gineering technique of risk-neutral valuation.

The Growth Option: An Illustration
Kidco Corporation designs and produces products aimed at the pre-teen market.
Most of its products have a very short life, given the rapidly changing tastes of pre-
teens. Kidco is now considering a project that will cost $30 million. Management be-
lieves there is a 25 percent chance that the project will “take off” and generate operat-
ing cash flows of $34 million in each of the next two years, after which pre-teen tastes
will change and the project will be terminated. There is a 50 percent chance of aver-
age demand, in which case cash flows will be $20 million annually for two years. Fi-
nally, there is a 25 percent chance that the pre-teens won’t like the product at all, and
it will generate cash flows of only $2 million per year. The estimated cost of capital for
the project is 14 percent.

Based on its experience with other projects, Kidco believes it will be able to launch
a second-generation product if demand for the original product is average or above.
This second-generation product will cost the same as the first product, $30 million,
and the cost will be incurred in 2003. However, given the success of the first-
generation product, Kidco believes the second-generation product will be just as suc-
cessful as the first-generation product.

This growth option resembles a call option on a stock, since it gives Kidco the op-
portunity to “purchase” a successful follow-on project at a fixed cost if the value of the
project is greater than the cost. Otherwise, Kidco will let the option expire by not im-
plementing the second-generation product.

The following sections apply the first four valuation approaches: (1) DCF, (2) DCF
and qualitative assessment, (3) decision tree analysis, and (4) analysis with a standard
financial option.

Approach 1. DCF Analysis Ignoring the Growth Option Based on
probabilities for the different levels of demand, the expected annual operating cash
flows for the project are $18.75 million per year:

Ignoring the investment timing option, the traditional NPV is $1.29 million:

Based upon this DCF analysis, Murphy should accept the project.

Approach 2. DCF Analysis with a Qualitative Consideration of the
Growth Option Although the DCF analysis indicates that the project should be
accepted, it ignores a potentially valuable real option. The option’s time to maturity

NPV � �$30 �
$19.70

(1 � 0.14)
�

$19.700
(1 � 0.14)2 � $1.29.

0.25($34) � 0.50($20) � 0.25($2) � $19.00.

13WE-1

See Ch 13 Tool Kit.xls for
detailed calculations.
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and the volatility of the underlying project provide qualitative insights into the op-
tion’s value. Kidco’s growth option has two years until maturity, which is a relatively
long time, and the cash flows of the project are quite volatile. Taken together, this
qualitative assessment indicates that the growth option could be quite valuable.

Approach 3. Decision Tree Analysis of the Growth Option Part 1
of Figure 13WE-1 shows a scenario analysis for Kidco’s project. The top line, which
describes the payoffs for the high-demand scenario, has operating cash flows of 
$34 million for the next two years. The NPV of this branch is $25.99 million. The
NPV of the average-demand branch in the middle is $2.93 million, and it is �$26.71
million for the low-demand scenario. The sum in the last column of Part 1 shows the
expected NPV of $1.29 million. The coefficient of variation is 14.54, indicating that
the project is very risky.

Part 2 of Figure 13WE-1 shows a decision tree analysis in which Kidco undertakes
the second-generation product only if demand is average or high. In these scenarios,
shown on the top two branches of the decision tree, Kidco will incur a cost of $30 mil-
lion in 2003 and receive operating cash flows of either $34 million or $20 million for
the next two years, depending on the level of demand. If the demand is low, shown on
the bottom branch, Kidco has no cost in 2003 and receives no additional cash flows in
subsequent years. All operating cash flows, which do not include the cost of imple-
menting the second-generation project in 2003, are discounted at the WACC of 
14 percent. Because the $30 million implementation cost is known, it is discounted at
the risk-free rate of 6 percent. As shown in Part 2 of Figure 13WE-1, the expected
NPV is $4.70 million, indicating that the growth option is quite valuable.

The option itself alters the risk of the project, which means that 14 percent is prob-
ably no longer the appropriate cost of capital. Table 13WE-1 presents the results of a
sensitivity analysis in which the cost of capital for the operating cash flows varies from
8 percent to 18 percent. The sensitivity analysis also allows the rate used to discount
the implementation cost in 2003 to vary from 3 percent to 9 percent. The NPV is pos-
itive for all reasonable combinations of discount rates.

Approach 4. Valuing the Growth Option with Black-Scholes Op-
tion Pricing Model The fourth approach is to use a standard model for a cor-
responding financial option. As we noted earlier, Kidco’s growth option is similar to a
call option on a stock, and so we will use the Black-Scholes model to find the value of
the growth option. The time until the growth option expires is two years. The rate on
a two-year Treasury security is 6 percent, and this provides a good estimate of the risk-
free rate. It will cost $30 million to implement the project, which is the exercise price.

The input for the stock price in the Black-Scholes model is the current value of the
underlying asset. For the growth option, the underlying asset is the second-generation
project, and its current value is the present value of its cash flows. The calculations in
Figure 13WE-2 show that this is $24.07 million. Because the exercise cost of $30 mil-
lion is greater than the current “price” of $24.07 million, the growth option is
presently out of the money.

Figure 13WE-3 shows the estimates for the variance of the project’s rate of re-
turn using the two methods described in Chapter 13 in the analysis of the option
to delay. The direct method, shown in Part 2, produces an estimate of 18.6 percent
for the variance of return. The indirect method, in Part 3, estimates the variance as
15.3 percent. Both estimates are somewhat higher than the 12 percent variance of a
typical company’s stock return, which is consistent with the idea that a stock’s vari-
ance is lower than a project’s due to diversification effects. Thus, an estimated vari-
ance of 15 percent to 20 percent seems reasonable. We use an initial estimate of
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Web/CD Extensions 13WE-3

FIGURE 13WE-1 Scenario Analysis and Decision Tree Analysis for the Kidco Project (Millions of Dollars)

PART 1. SCENARIO ANALYSIS OF KIDCO’S FIRST GENERATION PROJECT

Future Cash Flows
NPV of This Probability

2001 2002 2003

$34 $34
High

�$30 Average
0.50

$20 $20
Low

$2 $2
1.00

Expected value of NPVs �

Standard deviationa �

Coefficient of variationb �

PART 2. DECISION TREE ANALYSIS OF THE GROWTH OPTION

Future Cash Flows
NPV of This Probability

2001 2002 2003d 2004 2005 Scenarioe Probability � NPV

$34 $4 $34 $34 $42.37 0.25 $10.59
High

�$30 Average
0.50

$20 �$10 $20 $20 $1.57 0.50 $0.79
Low

$2 $2 $0 $0 �$26.71 0.25 �$6.68
1.00

Expected value of NPVs �

Standard deviationa �

Coefficient of variationb �

Notes: 
aThe standard deviation is calculated as in Chapter 2.
bThe coefficient of variation is the standard deviation divided by the expected value.
cThe operating cash flows are discounted by the WACC of 14 percent.
dThe total cash flows in 2003 are equal to the operating cash flows for the first-generation product minus the $30 million cost to implement the second-
generation product, if it is optimal to do so. For example, the 2003 cash flow in the high-demand scenerio is $34 � $30 � $4 million. Based on Part 1, it
is only optional to implement the second-generation product if demand is high or average.
eThe operating cash flows in years 2002–2005, which do not include the $30 million cost of implementing the second-generation project in 2003 for the
high-demand and average-demand scenarios, are discounted at the WACC of 14 percent. The implementation cost in 2003 for the high-demand and 
average-demand scenarios is discounted at the risk-free rate of 6 percent.

5.24

$24.62

$4.70

14.54

$18.70

$1.29

�$26.71 0.25 �$6.68

$2.93 0.50 $1.47

$25.99 0.25 $6.50

Scenarioc Probability � NPV

0.25

0.25

0.25

0.25

15.3 percent in our initial application of the Black-Scholes model, shown in Part 1
of Figure 13WE-4.

Using the Black-Scholes model for a call option, Figure 13WE-4 shows a $4.34
million value for the growth option. The total NPV is the sum of the first-generation
project’s NPV and the value of the growth option: Total NPV � $1.29 �
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, which is much higher than the NPV of only the first-genera-
tion project. As this analysis shows, the growth option adds considerable value to the
original project. In addition, sensitivity analysis in Part 2 of Figure 13WE-4 shows
that the growth option’s value is large for all reasonable values of variance. Thus,
Kidco should accept the project.

The Abandonment Option: An Illustration
Synapse Systems produces a variety of switching devices for computer networks at
large corporations. It is considering a proposal to develop and produce a wireless net-
work targeted at homes and small businesses. The required manufacturing facility will
cost $26 million. Synapse can accurately predict the manufacturing costs, but the sales
price is uncertain. There is a 25 percent probability that demand will be strong and
Synapse can charge a high price; see Table 13WE-2 for detailed projections of operat-
ing cash flows over the four-year life of the project. There is a 50 percent chance of
moderate demand and average prices, and a 25 percent chance of weak demand and
low prices. The cost of capital for this project is 12 percent.

Synapse can sell the equipment used in the manufacturing process for $14 million
after taxes in 2002 if customer acceptance is low. In other words, Synapse can abandon
the project in 2002 and avoid the negative cash flows in subsequent years.

$4.34 � $5.63 million

13WE-4 CHAPTER 13 • Web/CD Extensions

COST OF CAPITAL USED TO DISCOUNT THE $30 MILLION IMPLEMENTATION
COST IN 2003 OF THE SECOND-GENERATION PROJECT

3.0% 4.0% 5.0% 6.0% 7.0% 8.0% 9.0%

8.0% $10.96 $11.36 $11.76 $12.14 $12.51 $12.88 $13.23
9.0 9.61 10.01 10.41 10.79 11.16 11.52 11.88

10.0 8.30 8.71 9.10 9.49 9.86 10.22 10.57
11.0 7.04 7.45 7.84 8.23 8.60 8.96 9.31
12.0 5.83 6.23 6.63 7.01 7.38 7.75 8.10
13.0 4.65 5.06 5.45 5.84 6.21 6.57 6.92
14.0 3.52 3.92 4.32 4.70 5.07 5.44 5.79
15.0 2.42 2.83 3.22 3.61 3.98 4.34 4.69
16.0 1.36 1.77 2.16 2.54 2.92 3.28 3.63
17.0 0.33 0.74 1.13 1.52 1.89 2.25 2.60
18.0 �0.66 �0.25 0.14 0.52 0.90 1.26 1.61

TABLE 13WE-1 Sensitivity Analysis of the Kidco Decision Tree Analysis in Figure 13-7
(Millions of Dollars)
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All calculations for the
analysis of the abandon-

ment option are also shown in
Ch 13 Tool Kit.xls.

OPERATING CASH FLOW

DEMAND PROBABILITY 2002 2003 2004 2005

High 25% $18 $23 $28 $33
Average 50 7 8 9 10
Low 25 �8 �9 �10 �12
Expected operating cash flow � $10.25$ 9.00$ 7.50$ 6.00 

TABLE 13WE-2 Expected Operating Cash Flows for Project at Synapse Systems 
(Millions of Dollars)
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This abandonment option resembles a put option on stock. It gives Synapse the op-
portunity to sell the project at a fixed price of $14 million in 2002 if the cash flows be-
yond 2002 are worth less than $14 million. If the cash flows beyond 2002 are worth
more than $14 million, Synapse will let the put option expire and keep the project.

Approach 1. DCF Analysis Ignoring the Abandonment Option
Using the expected cash flows from Table 13WE-2 and ignoring the abandonment
option, the traditional NPV is �$1.74 million:

Based only on this DCF analysis, Synapse should reject the project.

Approach 2. DCF Analysis with a Qualitative Consideration of the
Abandonment Option The DCF analysis ignores the potentially valuable
abandonment option. Qualitatively, we would expect the abandonment option to be
valuable because the project is quite risky, and risk increases the value of an option.
The option has one year until it expires, which is relatively long for an option. Again,
this suggests that the option might be valuable.

Approach 3. Decision Tree Analysis of the Abandonment Option
Part 1 of Figure 13WE-5 shows a scenario analysis for this project. There is a 25 per-
cent chance that customers will accept a high price for the product, with the cash flows
shown in the top line. There is a 50 percent chance that Synapse can charge a moder-
ately high price, and the cash flows of this scenario are in the middle row. However, if
customers are reluctant to buy this product, Synapse will have to cut prices, resulting
in the negative cash flows on the bottom row. The sum in the last column in Part 1
shows the expected NPV of �$1.74 million, which is the same as the traditional DCF
analysis.

NPV � �$26 �
$6.00

(1 � 0.12)
�

$7.50
(1 � 0.12)2 �

$9.00
(1 � 0.12)3 �

$10.25
(1 � 0.12)3 � �$1.74.

Web/CD Extensions 13WE-5

FIGURE 13WE-2 Estimating the Input for Stock Price in the Growth Option Analysis of the Investment Timing Option
(Millions of Dollars)

Future Cash Flows
PV of This Probability

2001 2002 2003 2004 2005 Scenarioc Probability � PV

$34 $34 $43.08 0.25 $10.77
High
Average

0.50
$20 $20 $25.34 0.50 $12.67

Low
$2 $2 $2.53 0.25 $0.63

1.00

Expected value of PVs �

Standard deviationa �

Coefficient of variationb �

Notes:
aThe standard deviation is calculated as in Chapter 2.
bThe coefficient of variation is the standard deviation divided by the expected value.
cThe WACC is 14 percent. All cash flows in this scenario are discounted back to 2001.

0.60

$14.39

$24.07

0.25

0.25
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FIGURE 13WE-3 Estimating the Input for Stock Return Variance in the Growth Option Analysis (Millions of Dollars)

PART 1. FIND THE VALUE AND RISK OF FUTURE CASH FLOWS AT THE TIME THE OPTION EXPIRES

PV in 2003Future Cash Flows
for This Probability

2001 2002 2003 2004 2005 Scenarioc Probability � PV2003

$34 $34 $55.99 0.25 $14.00
High
Average

0.50
$20 $20 $32.93 0.50 $16.47

Low
$2 $2 $3.29 0.25 $0.82

1.00

Expected value of PV2003 �

Standard deviation of PV2003
a �

Coefficient of variation of PV2003
b �

PART 2. DIRECT METHOD: USE THE SCENARIOS TO DIRECTLY ESTIMATE THE VARIANCE OF THE PROJECT’S RETURN

Probability
Price2001

d PV2003
e Return2003

f

High
$24.07 Average

0.50

Low

1.00

Expected return �

Standard deviation of returna �

Variance of returng �

PART 3. INDIRECT METHOD: USE THE SCENARIOS TO INDIRECTLY ESTIMATE THE VARIANCE OF THE PROJECT’S RETURN

Expected “price” at the time the option expiresh � $31.29
Standard deviation of expected “price” at the time the option expiresi � $18.70

Coefficient of variation (CV) � 0.60
Time (in years) until the option expires (t) � 2

Variance of the project’s expected return � ln(CV2 � 1)/t � 15.3%

Notes: 
aThe standard deviation is calculated as in Chapter 2.
bThe coefficient of variation is the standard deviation divided by the expected value.
cThe WACC is 14 percent. The 2004–2005 cash flows are discounted back to 2003.
dThe 2001 price is the expected PV from Figure 13WE-2.
eThe 2003 PVs are from Part 1.
fThe returns for each scenario are calculated as (PV2003/Price2001)0.5 � 1.
gThe variance of return is the standard deviation squared.
hThe expected “price” at the time the option expires is taken from Part 1.
iThe standard deviation of expected “price” at the time the option expires is taken from Part 1.

18.6%

43.1%

5.9%

0.25 �15.8%$3.29 �63.0%

0.50 8.5%$32.93 17.0%

0.25 13.1%$55.99 52.5%

Probability � Return2003

0.60

$18.70

$31.29

0.25

0.25

0.25

0.25
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Part 2 of Figure 13WE-5 shows a decision tree analysis in which Synapse abandons
the project in the low-price scenario. In particular, if Synapse has the �$8 million op-
erating cash flow in 2002 and the prospect of even bigger losses in subsequent years, it
will abandon the project and sell the equipment for $14 million. Note that Synapse
will not abandon the project in the average-demand scenario, even though it has a
negative expected NPV in Part 1. This is because the original investment of $26 mil-
lion is a sunk cost, as described in Chapter 12. Only the future cash flows are relevant
to the abandonment decision, and they are positive in the average-demand scenario.
Therefore, Synapse will abandon the project only in the low-demand scenario.

All operating cash flows, which do not include the salvage value in the low-demand
scenario of 2002, are discounted at the WACC of 12 percent. The salvage value is
known with a high degree of certainty, so it is discounted at the risk-free rate of 6 per-
cent. As shown in Part 2 of Figure 13WE-5, the expected NPV is $7.04 million, indi-
cating that the abandonment option is quite valuable. In fact, the option to abandon is
so valuable that Synapse should accept the project.

The option itself alters the risk of the project, which means that 12 percent proba-
bly is no longer the appropriate cost of capital. In addition, the estimated $14 million
salvage value is relatively certain, but there is a slight chance that it might be either

Web/CD Extensions 13WE-7

FIGURE 13WE-4
Estimating the Value of
the Growth Option Using a
Standard Financial Option
(Millions of Dollars)

PART 1. FIND THE VALUE OF A CALL OPTION USING THE BLACK-SCHOLES MODEL

Real Option

kRF � Risk-free interest rate � 6%
t � Time until the option expires � 2

X � Cost to implement the project � $30.00
P � Current value of the project � $24.07a

�2 � Variance of the project’s rate of return � 15.3%b

d1 � {ln(P/X) � [kRF � (�2/2)]t}/(�t1/2) � 0.096
d2 � d1 � �(t1/2) � �0.46

N(d1) � � 0.54
N(d2) � � 0.32

V � P[N(d1)] � Xe�kRFt[N(d2)] �

PART 2. SENSITIVITY ANALYSIS OF OPTION VALUE TO CHANGES IN VARIANCE

Variance Option Value

11.3% $3.60
13.3 3.98
15.3
17.3 4.68
19.3 4.99
21.3 5.29
23.3 5.57
25.3 5.84
27.3 6.10
29.3 6.35
31.3 6.59

Notes: 
aThe current value of the project is taken from Figure 13WE-2.
bThe variance of the project’s rate of return is taken from Part 3 of Figure 13WE-3.

4.34

$4.34
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higher or lower. Table 13WE-3 presents the results of a sensitivity analysis in which
the cost of capital for the operating cash flows varies from 8 percent to 18 percent.
The sensitivity analysis also allows the rate used to discount the salvage value to vary
from 3 percent to 9 percent. The NPV is positive for all reasonable combinations of
discount rates.

13WE-8 CHAPTER 13 • Web/CD Extensions

FIGURE 13WE-5 Scenario Analysis and Decision Tree Analysis for the Synapse Project (Millions of Dollars)

PART 1. SCENARIO ANALYSIS OF THE PROJECT (IGNORING THE OPTION TO ABANDON)

Future Cash Flows
NPV for This Probability

2001 2002 2003 2004 2005 Scenarioc Probability � NPV

$18 $23 $28 $33 $49.31 0.25 $12.33
High

�$26 Average
0.50

$7 $8 $9 $10 �$0.61 0.50 �$0.31
Low

�$8 �$9 �$10 �$12 �$55.06 0.25 �$13.77
1.00

Expected value of NPVs �

Standard deviationa �

Coefficient of variationb �

PART 2. DECISION TREE ANALYSIS OF THE ABANDONMENT OPTION

Future Cash Flows
NPV of This Probability

2001 2002d 2003e 2004e 2005e Scenariof Probability � NPV

$18 $23 $28 $33 $49.31 0.25 $12.33
High

�$26 Average
0.50

$7 $8 $9 $10 �$0.61 0.50 �$0.31
Low

$6 $0 $0 $0 �$19.94 0.25 �$4.98
1.00

Expected value of NPVs �

Standard deviationa �

Coefficient of variationb �

Notes: 
aThe standard deviation is calculated as in Chapter 2.
bThe coefficient of variation is the standard deviation divided by the expected value.
cThe operating cash flows are discounted by the WACC of 12 percent.
dThe cash flow in 2003 for the low-demand scenario is equal to the �$8 million operating cash flow plus the after-tax salvage value of $14 million, since
Synapse will abandon the project in this scenario.
eThe cash flows in 2004–2005 for the low-demand scenario are zero, because Synapse abandons the project immediately after the �$8 million operating
loss in 2003.
fThe operating cash flows in years 2002–2005, which do not include the $14 million after-tax salvage value, are discounted at the WACC of 12 percent.
The $14 million salvage value in the low-demand scenario in 2003 is discounted at the risk-free rate of 6 percent.

3.64

$25.65

$7.04

�21.17

$36.92

�$1.74

0.25

0.25

0.25

0.25
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Approach 4. Valuing the Abandonment Option with a Financial
Option The fourth procedure for valuing a real option valuation is to use a stan-
dard model for an existing financial option. As we noted earlier, Synapse’s abandon-
ment option is similar to a put option on a stock. We can use the Black-Scholes model
for the value of a call option, VCall, to determine the value of a put option, VPut

1:

. (13-4a)

Before we can apply the put formula to determine the value of Synapse’s project
with an embedded abandonment option, we must break the original project into two
separate projects plus an option to abandon the second project. Part 1 of Figure
13WE-6 shows Project A, which is a one-year project that includes the initial cost and
first-year operating cash flows of Synapse’s project. Part 2 shows Project B, which be-
gins in 2003, the year after Project A ends. Project B has no cash flows in 2001 or
2002, but has the networking project’s operating cash flows in the subsequent years.
Note that combining Projects A and B gives the same cash flows as Synapse’s net-
working project. Project A has an NPV of �$20.64 million (shown in the last column
in Part 1) and Project B has an NPV of $18.90 million. The combination of the two
projects has an NPV of , the same NPV shown
for Synapse’s networking project. But Synapse also has an option to abandon Project
B, which gives Synapse the right to sell Project B for $14 million. In other words,
Synapse can invest in Project A by paying the initial cost of $26 million, which also
gives Synapse the ownership of Project B. But in addition to owning Projects A and B,
Synapse also has the right to “sell” Project B for $14 million.

We can use Equation 13WE-1 to determine the value of Synapse’s abandonment op-
tion. Note that we need the same five factors to price a put option using the

�$20.64 � $18.90 � �$1.74 million

VPut � VCall � P � Xe�kRFt

Web/CD Extensions 13WE-9

COST OF CAPITAL USED TO DISCOUNT THE $14 MILLION AFTER TAX SALVAGE VALUE
IN THE LOW-DEMAND SCENARIO OF 2002

3.0% 4.0% 5.0% 6.0% 7.0% 8.0% 9.0%

8.0% $10.18 $10.15 $10.12 $10.08 $10.05 $10.02 $9.99
9.0 9.38 9.34 9.31 9.28 9.25 9.22 9.19

10.0 8.60 8.57 8.54 8.50 8.47 8.44 8.41
11.0 7.85 7.82 7.79 7.76 7.73 7.70 7.67
12.0 7.13 7.10 7.07 7.04 7.01 6.98 6.95
13.0 6.44 6.41 6.38 6.34 6.31 6.28 6.25
14.0 5.77 5.74 5.71 5.67 5.64 5.61 5.58
15.0 5.13 5.09 5.06 5.03 5.00 4.97 4.94
16.0 4.50 4.47 4.44 4.41 4.37 4.34 4.31
17.0 3.90 3.87 3.84 3.80 3.77 3.74 3.71
18.0 3.32 3.29 3.25 3.22 3.19 3.16 3.13

TABLE 13WE-3 Sensitivity Analysis of the Synapse Decision Tree Analysis in Figure 15WE-5
(Millions of Dollars)
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1Equation 13WE-1 is derived from the “put-call parity” relationship. Put-call parity means that a portfolio with a put op-
tion and a share of the stock has the same payoff at the option’s date of expiration as a portfolio with a call option and the
present value of the exercise price:

.VPut � P � VCall � Xe�kRFt
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Black-Scholes model as we do to price a call option: risk-free rate, time until the option
expires, exercise price, current price of the underlying asset, and variance of the under-
lying asset’s rate of return. The rate on a 52-week Treasury bill is 6 percent, and this pro-
vides a good estimate of the risk-free rate. The time until the growth option expires is
one year. Synapse can sell the equipment for $14 million, which is the exercise price.

The underlying asset in this application of the option pricing model is Project B,
since we have the option to abandon it. Project B’s “current price” is the present value
of its future cash flows. As the last column in Part 2 of Figure 13WE-6 shows, this is
$18.90 million.

13WE-10 CHAPTER 13 • Web/CD Extensions

FIGURE 13WE-6 Breaking Synapse’s Project into Two Separate Projects of the Investment Timing Option (Millions of
Dollars)

PART 1. DCF ANALYSIS OF PROJECT A THAT LASTS ONE YEAR

Future Cash Flows
NPV of This Probability

2001 2002

High
�$26 Average

0.50

Low

1.00

Expected value of PVs �

Standard deviationa �

Coefficient of variationb �

PART 2. DCF ANALYSIS OF PROJECT B THAT STARTS IN 2003, IF PROJECT A IS ALREADY IN PLACE

Future Cash Flows
NPV for This Probability

2001 2002 2003 2004 2005 Scenarioc Probability � NPV

$23 $28 $33 $59.24 0.25 $14.81
High
Average

0.50
$8 $9 $10 $19.14 0.50 $9.57

Low
�$9 �$10 �$12 �$21.92 0.25 �$5.48

1.00

Expected value of PVs  �

Standard deviationa �

Coefficient of variationb �

Notes: 
aThe standard deviation is calculated as in Chapter 2.
bThe coefficient of variation is the standard deviation divided by the expected value.
cThe WACC is 12 percent. All cash flows in this scenario are discounted back to 2001.

1.52

$28.69

$18.90

(0.40)

$8.26

�$20.64

�$33.14 0.25 �$8.29�$8

�$19.75 0.50 �$9.88$7

�$9.93 0.25 �$2.48$18

Scenarioc Probability � NPV

0.25

0.25

0.25

0.25
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Figure 13WE-7 shows the estimates for the variance of Project B’s rate of return
using the two methods previously described in the analysis of the option to delay.
Note in Part 2 that Project B has a current value of $18.90 million in 2001, but by
2002 it could be worth as much as $66.35 million or as little as �$24.55 million. Given
this wide range of outcomes, we would expect the variance of the rate of return to be
very large. The direct method, shown in Part 2, produces an estimate of 289.2 percent
for the variance of return.

Part 1 of Figure 13WE-7 shows an extremely high coefficient of variation, 1.518,
reflecting the enormous range of potential outcomes. As in the previous examples, 
we can use the indirect method in Part 3 to convert the coefficient of variation at 
the time the option expires into an estimate of the variance of the project’s rate of 
return, 2:

(13-4a)

Both the direct and indirect methods indicate that the project is quite risky, but there
is a fairly large difference in their estimates of variance: 232.5 percent versus 119.5
percent. This is because the indirect method implicitly assumes that the lowest possi-
ble return is zero, while the direct method has no such restriction. We decided to use
an estimated variance of 175 percent, which is approximately halfway between esti-
mates given by the two methods.

Part 1 of Figure 13WE-8 shows the calculation of the abandonment option’s value.
Using the Black-Scholes model for a put option, the resulting value is $5.28 million.
Part 2 reports a sensitivity analysis showing the value of the abandonment option for
different estimates of variance. For all reasonable estimates, the value of the put is still
quite large. The total NPV of the project is the sum of the original project’s NPV
(which is also equal to the sum of NPVs of Projects A and B) and the value of the op-
tion to abandon: Total . Given the improve-
ment in NPV caused by the abandonment option, Synapse decided to undertake the
project.

Two alternative methods have been developed for incorporating project risk into
the capital budgeting decision process. One is the certainty equivalent method, in
which the expected cash flows are adjusted to reflect project risk—risky cash flows are
scaled down, and the riskier the flows, the lower their certainty equivalent values. The
second is the risk-adjusted discount rate method, where differential project risk is
dealt with by changing the discount rate—average-risk projects are discounted at the
firm’s corporate cost of capital, above-average-risk projects are discounted at a higher
cost of capital, and below-average-risk projects are discounted at a rate below the cor-
porate cost of capital. The risk-adjusted discount rate method is used by most compa-
nies, so we focused on it in earlier chapters. However, the certainty equivalent ap-
proach does have some advantages, so financial managers should be familiar with it.

As we noted in this chapter, it is not always possible to find existing models for fi-
nancial options that correspond to all real options. In such a situation, the analyst must
use financial engineering techniques. One technique, risk-neutral valuation, is anal-
ogous to the certainty equivalent method, except it is applied using simulation. We
show a simple application later in this Extension.

The Certainty Equivalent Method The certainty equivalent (CE) method
follows directly from the concept of utility theory. Under the CE approach, the deci-
sion maker must first evaluate a cash flow’s risk and then specify how much money to
be received with certainty, would make him or her indifferent between the riskless and

NPV � �$1.74 � $5.28 � $3.54 million

�2 �
ln(1.5182 � 1)

1
� 1.195 � 119.5%

�
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FIGURE 13WE-7 Estimating the Input for Stock Return Variance in the Abandonment Option Analysis 
(Millions of Dollars)

PART 1. FIND THE VALUE AND RISK OF FUTURE CASH FLOWS AT THE TIME THE OPTION EXPIRES

PV in 2002Future Cash Flows
for This Probability

2001 2002 2003 2004 2005 Scenarioc Probability � PV2002

$23 $28 $33 $66.35 0.25 $16.59
High
Average

0.50
$8 $9 $10 $21.44 0.50 $10.72

Low
�$9 �$10 �$12 �$24.55 0.25 �$6.14

1.00

Expected value of PV2002 �

Standard deviation of PV2002
a �

Coefficient of variation of PV2002
b �

PART 2. DIRECT METHOD: USE THE SCENARIOS TO DIRECTLY ESTIMATE THE VARIANCE OF THE PROJECT’S RETURN

Probability

Price2001
d PV2002

e Return2002
f

High
$18.90 Average

0.50

Low

1.00

Expected return �

Standard deviation of returna �

Variance of returng �

PART 3. INDIRECT METHOD: USE THE SCENARIOS TO INDIRECTLY ESTIMATE THE VARIANCE OF THE PROJECT’S RETURN

Expected “price” at the time the option expiresh � $21.17
Standard deviation of expected “price” at the time the option expiresi � $32.14

Coefficient of variation (CV) � 1.518
Time (in years) until the option expires (t) � 1

Variance of the project’s expected return � ln(CV2 � 1)/t � 119.5%

Notes: 
aThe standard deviation is calculated as in Chapter 2.
bThe coefficient of variation is the standard deviation divided by the expected value.
cThe WACC is 12 percent. The 2003–2005 cash flows are discounted back to 2002.
dThe 2001 price is the expected NPV from Part 2 of Figure 13WE-6.
eThe 2002 PVs are from Part 1.
fThe returns for each scenario are calculated as (PV2002/Price2001) � 1.
gThe variance of return is the standard deviation squared.
hThe expected “price” at the time the option expires is taken from Part 1.
iThe standard deviation of expected “price” at the time the option expires is taken from Part 1.

289.2%

170.1%

12.0%

0.25 �57.5%�$24.55 �229.9%

0.50 6.7%$21.44 13.4%

0.25 62.8%$66.35 251.1%

Probability � Return2002

1.518

$32.14

$21.17

0.25

0.25

0.25

0.25

Webext_13_Brigham_Daves  8/21/01  4:27 PM  Page 12



the risky cash flows. To illustrate, suppose a rich eccentric offered you the following
two choices:

1. Flip a fair coin. If a head comes up, you receive $1,000,000, but if a tail comes 
up, you get nothing. The expected value of the gamble is 

, but the actual outcome will beeither $0 or $1,000,000, so it is
risky.

2. Do not flip the coin and simply pocket $300,000 cash.

If you find yourself indifferent between the two alternatives, then $300,000 is your
certainty equivalent for this particular risky $500,000 expected cash flow. The certain
(or riskless) $300,000 thus provides you with the same utility as the risky $500,000 ex-
pected return.

(0.5)($0) � $500,000
(0.5)($1,000,000) �

Web/CD Extensions 13WE-13

FIGURE 13WE-8 Estimating the Value of the of the Abandonment Option Using a Standard Financial Option
(Millions of Dollars)

PART 1. FIND THE VALUE OF A PUT OPTION USING THE BLACK-SCHOLES MODEL

Real Option

kRF � Risk-free interest rate � 6%
t � Time until the option expires � 1
X � Salvage value if abandon � $14.00
P � Current value of the Project B � $18.90a

�2 � Variance of Project B’s rate of return � 175.0%b

d1 � {ln(P/X) � [kRF � (�2/2)]t}/(�t1/2) � 0.934
d2 � d1 � �(t1/2) � �0.39
N(d1) � 0.82
N(d2) � 0.35
V of Call � P[N(d1)] � Xe�kRFt[N(d2)] � $10.99
V of Put � Call � P � Xe(�kRFt)
V of Put � $10.99 � $18.90 � $13.18
V of Put �

PART 2. SENSITIVITY ANALYSIS OF PUT OPTION VALUE TO CHANGES IN VARIANCE

Variance Option Value

55.0% $2.29
75.0 2.94
95.0 3.51

115.0 4.02
135.0 4.48
155.0 4.89

175.0
195.0 5.63
215.0 5.96
235.0 6.27
255.0 6.56

Notes:
aThe current value of the project is taken from Figure 13WE-7.
bThe variance of the project’s rate of return is chosen to be between the variances from Parts 2 and 3 of 
Figure 13WE-7.

5.28

$5.28
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Now ask yourself this question: In the preceding example, exactly how much cash-
in-hand would it actually take to make you indifferent between a certain sum and the
risky $500,000 expected return? If you are like most people, your certainty equivalent
would be significantly less than $500,000, indicating that you are risk averse. In gen-
eral, risk aversion exists, and the lower the certainty equivalent, the greater the deci-
sion maker’s risk aversion.

The certainty equivalent concept can be applied to capital budgeting decisions, at
least in theory, in the following way:

1. Estimate the certainty equivalent cash flow in each Year t, CEt, based on the ex-
pected cash flow and its riskiness.

2. Given these certainty equivalents, discount by the risk-free rate to obtain the proj-
ect’s NPV.2

To illustrate, suppose Project A, whose expected net cash flows are shown in Table
13WE-4, is to be evaluated using the certainty equivalent method. Assume that the
initial net cost, $2,000, is fixed by contract and hence known with certainty. Fur-
ther, assume that the capital budgeting analyst estimates that the cash inflows in
Years 1 through 4 all have average risk, and that the appropriate certainty equiva-
lent is $700. The project’s NPV, found using a risk-free discount rate of 5 percent,
is $482.17:

Since the risk-adjusted NPV is positive, the project should be accepted.
The certainty equivalent method is simple and neat. Further, it can easily ac-

commodate differential risk among cash flows. For example, if the Year 4 expected
net cash flow of $1,000 included a very risky estimated salvage value, we could
simply reduce the certainty equivalent, say, from $700 to $500, and recalculate the
project’s NPV. Unfortunately, there is no practical way to estimate certainty equiv-
alents. Each individual would have his or her own estimate, and these could vary
significantly. To further complicate matters, certainty equivalents should reflect
shareholders’ risk preferences rather than those of management. For these reasons,
the certainty equivalent method is not used to any extent in corporate decision
making. However, it is conceptually a powerful tool, and in a later section we will
use certainty equivalents to help see some assumptions embodied in constant risk-
adjusted discount rates.

NPVA � �$2,000 �
700

(1.05)1 �
$700

(1.05)2 �
$700

(1.05)3 �
$700

(1.05)4 � $482.17.

13WE-14 CHAPTER 13 • Web/CD Extensions

2Note that the risk-free rate normally does not reflect the tax advantage of debt as does the WACC. Thus, either the cer-
tainty equivalent estimates or the risk-free rate should be constructed so that they capture this benefit.

EXPECTED CERTAINTY EQUIVALENT
YEAR NET CASH FLOW DEGREE OF RISK CASH FLOW

0 ($2,000) Zero ($2,000)
1 1,000 Average 700
2 1,000 Average 700
3 1,000 Average 700
4 1,000 Average 700

TABLE 13WE-4 Project A: Certainty Equivalent Analysis
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The Risk-Adjusted Discount Rate Method With the risk-adjusted dis-
count rate method, we use the expected cash flow values, CFt, and the risk adjustment
is made to the denominator of the NPV equation (the discount rate) rather than to the
numerator. To illustrate, again consider Project A, whose expected cash flows were
given in Table 13WE-4. Suppose the firm evaluating Project A had a corporate cost of
capital of 15 percent. Thus, all average-risk projects would be evaluated using a dis-
count rate of 15 percent. Now assume that a risk analysis of Project A indicated that
the project had above-average risk, and a project cost of capital of 22 percent was sub-
jectively assigned to the project. In this situation, the risk-adjusted discount rate
method produces an NPV of $493.64:

In theory, if managers were able to estimate precisely both a project’s certainty
equivalent cash flows and its risk-adjusted discount rate (or rates), the two methods
would produce the identical NPV. However, the risk-adjusted discount rate method is
easier to use in practice because the discount rate for average-risk projects (the firm’s
corporate cost of capital) can be estimated from observable market data, but no mar-
ket data are available to help managers estimate certainty equivalent cash flows.

Certainty Equivalents versus Risk-Adjusted Discount Rates As
noted above, investment risk can be handled by making adjustments either to the nu-
merator of the present value equation (the certainty equivalent, or CE, method) or to
the denominator (the risk-adjusted discount rate, or RADR, method). The RADR
method dominates in practice because people find it far easier to estimate suitable dis-
count rates based on current market data than to derive certainty equivalent cash
flows. Some financial theorists have suggested that the certainty equivalent approach
is theoretically superior,3 but other theorists have shown that if risk increases with
time, then using a risk-adjusted discount rate is a valid procedure.4

Risk-adjusted rates lump together the pure time value of money as represented by
the risk-free rate and a risk premium: . On the other hand, the CE ap-
proach keeps risk and the time value of money separate. This separation gives a theo-
retical advantage to certainty equivalents, because lumping together the time value of
money and the risk premium compounds the risk premium over time. By compound-
ing the risk premium over time, the RADR method automatically assigns more risk to
cash flows that occur in the distant future, and the farther into the future, the greater
the implied risk. Since the CE method assigns risk to each cash flow individually, it
does not impose any assumptions regarding the relationship between risk and time.

Implications A firm using the RADR approach for its capital budgeting decisions
will have a corporate cost of capital that reflects its overall market-determined riski-
ness. This rate should be used for “average” projects, that is, for projects which have
the same risk as the firm’s existing assets. Lower rates should be used for less risky
projects, and higher rates should be used for riskier projects. To facilitate the decision
process, corporate headquarters generally prescribes rates for different classes of in-
vestments (for example, replacement, expansion of existing lines, and expansion into

k � kRF � RP

NPVA � �$2,000 �
$1,000
(1.22)1 �

$1,000
(1.22)2 �

$1,000
(1.22)3 �

$1,000
(1.22)4 � $493.64.
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3See Alexander A. Robichek and Stewart C. Myers, “Conceptual Problems in the Use of Risk-Adjusted Discount Rates,”
Journal of Finance, December 1966, 727–730.

4See Houng-Yhi Chen, “Valuation under Uncertainty,” Journal of Financial and Quantitative Analysis, September 1967, 
313–326.
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new lines). Then, investments of a given class within a given division are analyzed in
terms of the prescribed rate. For example, replacement decisions in the retailing divi-
sion of an oil company might all be evaluated with a 10 percent discount rate, while
exploratory drilling projects might be evaluated at a 20 percent rate.

However, a constant k implies that risk increases with time, and it therefore im-
poses a relatively severe burden on long-term projects. This means that short-payoff
projects will tend to be selected over those with longer payoffs when, for example,
there are alternative ways of performing a given task. This is often appropriate, but
there are projects for which distant returns are not more risky than near-term returns.
For example, the estimated returns on a water pipeline serving a developing commu-
nity may be highly uncertain in the short run, because the rate of growth of the com-
munity is uncertain. However, the water company may be quite sure that, in time, the
community will be fully developed and will utilize the full capacity of the pipeline.
Similar situations could exist in many public projects—water projects, highway pro-
grams, schools, and so forth, and when industrial firms are building plants or retailers
are building stores to serve growing geographic markets.

To the extent that the implicit assumption of rising risk over time reflects the facts,
then a constant discount rate may be appropriate. Indeed, in the vast majority of busi-
ness situations, risk undoubtedly is an increasing function of time, so a constant risk-
adjusted discount rate is generally reasonable. However, one should be aware of the
relationships described in this section and avoid the pitfall of unwittingly penalizing
long-term projects when they are not, in fact, more risky than short-term projects.

Risky Cash Outflows: An Application of the CE and RADR Methods
Projects often have negative cash flows during their lives, and when this occurs, special
problems may arise. To illustrate, suppose Duke Power Company has concluded that
it needs a new generating plant, and it is choosing between a nuclear plant and a coal-
fired plant. Both plants will produce the same amount of electricity, hence have the
same revenues. However, the coal plant will have a smaller investment requirement
but higher operating costs, hence smaller annual cash flows. Also, the nuclear plant
will have to be closed down at the end of its 30-year life. At the present time, the com-
pany knows that the costs of tearing down the plant and removing the radioactive ma-
terial will be high, but the exact cost is highly uncertain.

Table 13WE-5 shows the projected cash flows from the two plants. The coal plant
has a cost of $2 billion, and it is expected to produce net cash flows of $250 million per
year for 30 years. The nuclear plant has a cost of $4 billion, it is expected to produce
cash flows of $474 million per year for 30 years, and then the company expects to have
to spend $2 billion to decommission the radioactive plant. All of the cash flows except
the decommissioning costs have the same risk as Duke Power’s other cash flows, hence
they are to be discounted at the company’s WACC, 10 percent. However, the decom-
missioning costs are much more uncertain, hence should be discounted at a rate which
reflects their higher risks.

In Panel A of Table 13WE-5 we show the operating cash flows’ NPVs. The NPV
of the coal plant, discounting at the 10 percent WACC, is $357 million. At the 10 per-
cent WACC, the nuclear plant’s operating cash flows have a higher NPV, $468 mil-
lion, but this value does not reflect the nuclear plant’s decommissioning costs. We
might discount the shutdown costs at . Panel B shows this gives a
�$104 PV of shutdown costs, which gives a total NPV of the nuclear plant of

. This is higher than the NPV of the coal plant, but
doesn’t reflect the higher risk of the shutdown costs. Our first inclination is to dis-
count the decommissioning costs at a higher rate to reflect their greater risk. Using a
discount rate of 15 percent for the decommissioning costs, we get a PV of shutdown

$468 � $104 � $364 million

WACC � 10%

13WE-16 CHAPTER 13 • Web/CD Extensions
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costs of �$26 million and a total NPV of . But note—
something is amiss. We applied a higher risk-adjusted discount rate to penalize the
nuclear plant for its higher risk, but this improved its relative position! Something is
wrong!

This is where the certainty equivalent method can help. Discussions with the com-
pany’s managers revealed that they would be willing to commit to a certain �$2.4 bil-
lion cash flow rather than the uncertain �$2 billion to decommission the nuclear
power plant in 31 years. Because the �$2.4 billion is a certainty equivalent, we can
find the PV of the shutdown costs by discounting the �$2.4 billion at the risk-free
rate of 6 percent: . This produces a total
NPV for the nuclear plant of , which is much less than the
NPV of the coal plant. Alternatively, we could have discounted the risky �$2 billion
shutdown cost at a lower discount rate of 5.38 percent. Panel B of Table 13WE-5
shows that this produces a PV of �$394 million, the same as the certainty equivalent
method. Not only is the appropriate RADR for this cash outflow less than the cost of
capital, but it is even less than the risk-free rate.

The key to understanding this is to ask why the managers were willing to commit
to a certain payment of $2.4 billion rather than the risky payment of $2 billion. In

$468 � $394 � $74 million
PV � �$2.4/(1 � 0.06)31 � �$394 million

$468 � $26 � $442 million
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TABLE 13WE-5 Expected Cash Flows, Coal versus Nuclear Power Plants (Millions of Dollars)

PANEL A: OPERATING CASH FLOWS

CASH FLOWS FROM:

YEAR COAL PLANT NUCLEAR PLANT

0 ($2,000) ($4,000)
1 250 474
2 250 474
� � �

� � �

� � �

28 250 474
29 250 474
30 250 474

NPV of operating cash flows @ 10% $357 $468

PANEL B: PRESENT VALUE OF NUCLEAR PLANT’S SHUTDOWN COSTS

NUCLEAR PLANT’S
YEAR SHUTDOWN COSTS

31 ($2,000)

If Cost of Capital � 10%

PV of shutdown costs ($104)
Total NPV of operations and shutdown $364

If Cost of Capital � 15%

PV of shutdown costs ($26)
Total NPV of operations and shutdown $442

If Cost of Capital � 5.38%

PV of shutdown costs ($394)
Total NPV of operations and shutdown $74
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terms of total corporate risk, as discussed in Chapter 9, the managers must have
feared that the shutdown costs would be especially negative when the other cash
flows of the firm were low. In other words, they were worried that the shutdown
costs would be worse at a time when the company could ill afford them. Therefore,
they were willing to pay more than the expected $2 billion to avoid that risk. Putting
this into Chapter 9’s framework for corporate risk, the managers believed the shut-
down cash flows were positively correlated with the firm’s other cash flows. For ex-
ample, if the firm’s other cash flows were low, the shutdown cash flows would be
even worse than �$2 billion; if the firm’s other cash flows were high, the shutdown
costs would better than �$2 billion. The proof is too complicated for a first course
infinance, but we show in another paper that if a negative expected cash flow has
positive correlation with the firm’s other cash flows, then the discount rate for the
negative cash flow has a negative beta.5 In the CAPM, a negative beta leads to a dis-
count rate less than the risk-free rate, which explains the very low discount rate in
Panel B of Table 13WE-5.

The managers in the example subjectively estimated the certainty equivalent for
the shutdown costs. However, it is possible to add some discipline to their judgment.
If the managers can estimate the standard deviation of the expected cash flow and its
correlation with the firm’s other cash flows, then it is possible to calculate the cer-
tainty equivalent and the appropriate discount rate. See our paper cited in Footnote
5 for details.

In summary, some projects have cash flows with different risk than the firm’s nor-
mal operating cash flows, so the firm’s cost of capital is not the appropriate rate for the
different cash flow. The appropriate rate might be either higher or lower than the
firm’s cost of capital, depending on the nature of the risk. If the cash flow has a nega-
tive expected value and is positively correlated with the firm’s other cash flows, then
the appropriate discount rate has a negative beta, and the project’s cost of capital is less
than the risk-free rate. This is the case with our power plant example. On the other
hand, if the negative expected cash flow is negatively correlated with the firm’s other
projects, then the discount rate has a positive beta, and the project’s cost of capital is
greater than the risk-free rate and is possibly greater than the firm’s overall cost of
capital.

The same analysis can be applied to a project with an unusual positive expected
cash flow, except the sign on the resulting beta is reversed. If the positive expected
cash flow is positively correlated with the firm’s other cash flows, then the beta used to
obtain the discount rate is positive. If the positive expected cash flow is negatively cor-
related with the firm’s other cash flows, then the beta used to obtain the discount rate
is negative.

Finally, some negative cash flows are so large that they might put the firm in jeop-
ardy of bankruptcy. In this case, it is better to use real option techniques. Chapter 24
discusses this point in more detail, but a bankruptcy usually includes some very large
direct costs, such as legal fees and the sale of assets at low prices. Therefore, accepting
a project with a very large risky negative cash flow is like writing a put option on the
bankruptcy costs. If the negative cash flow doesn’t turn out to be too negative, then
the firm doesn’t go bankrupt and doesn’t have to pay the bankruptcy costs. However,
if the negative cash flow does turn out to be very negative, then the firm must pay the
direct bankruptcy costs. We can then use the techniques described in the chapter to
estimate the cost of this real option.

13WE-18 CHAPTER 13 • Web/CD Extensions

5See Phillip R. Daves and Michael C. Ehrhardt, “Capital Budgeting: The Valuation of Unusual, Irregular, or Extraordi-
nary Cash Flows,” Financial Practice and Education, Forthcoming, 2001.
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Risk-Neutral Valuation of Real Options As we discussed in the chapter,
decision trees will always give an inaccurate estimate of a real option’s value because it
is impossible to estimate the appropriate discount rate. In many cases, there is an ex-
isting model for a financial option that corresponds to the real option in question.
Sometimes, however, there isn’t such a model, and financial engineering techniques
must be used. Many financial engineering methods are extremely complicated and are
best left for an advanced finance course. However, one method is reasonably easy to
implement with simulation analysis. This method is risk-neutral valuation. It is sim-
ilar to the certainty equivalent method in that a risky variable is replaced with one that
can be discounted at the risk-free rate. We show how to apply this method to the in-
vestment timing option that we discussed earlier in the chapter.

Recall that Murphy Software is considering a project with uncertain future cash
flows. Discounting these cash flows at a 14 percent cost of capital gives a present value
of $51.08 million. The cost of the project is $50 million, so it has an expected NPV of
$1.08 million. Given the uncertain market demand for the software, the resulting
NPV could be much higher or much lower.

However, Murphy has certain software licenses that allow it to defer the project for
a year. If it waits, it will learn more about the demand for the software and will imple-
ment the project only if the value of those future cash flows is greater than the cost of
$50 million. As the text shows, the present value of the project’s future cash flows is
$44.80 million, excluding the $50 million cost of implementing the project. We expect
this value to grow at a rate of 14 percent, which is the cost of capital for this type of
project. However, we know that the rate of growth is very uncertain and could either
be much higher or lower than 14 percent. In fact, the text shows that the variance of
the growth rate is 20 percent.

Given a starting value ($44.80), a growth rate (14 percent), and a variance of the
growth rate (20 percent), option pricing techniques assume that the resulting value at
a future date comes from a lognormal distribution. Because we know the distribution
of future values, we could use simulation to repeatedly draw a random variable that has
this distribution.6 For example, suppose we simulate a future value at Year 1 for the
project and it is $75 million. Since this is above the $50 million cost, we would imple-
ment the project in this random draw of the simulation. The payoff is $25 million, and
we could find the present value of the payoff if we knew the appropriate discount rate.
We could then draw a new random variable and simulate a new value at Year 1. Sup-
pose the new value is $44 million. In this draw of the simulation, we would not imple-
ment the project, and the payoff is $0. We could repeat this process many thousands of
times and then take the average of all the resulting present values, which is our esti-
mate of the value of the option to implement the project in one year.

Unfortunately, we don’t know the appropriate discount rate. This is where we turn
to risk-neutral valuation. Instead of assuming that the project’s value grows at an ex-
pected rate of 14 percent, we would assume that it grows at the risk-free rate of 6 per-
cent. This will reduce the resulting project value at Year 1, the time we must exercise
the option. Suppose we did this, and our first simulation run has a value of $55, based
on the $44.8 starting value, a 20 percent variance of the growth rate, and a 6 percent
growth rate instead of the true 14 percent growth rate. The payoff is only

. However, we now discount this at the risk-free rate to find the
present value. Note that this is analogous to the certainty equivalent approach in
which we reduce the value of the risky future cash flow but then discount at the 

$5 ($55 � $50 � $5)
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6This means that the log of the stock price comes from a normal distribution. For a very clear explanation of how to im-
plement this is an Excel spreadsheet, see Wayne Winston, Financial Models Using Simulation and Optimization (Newfield,
NY: Palisade Corporation, 1998).
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risk-free rate. We can repeat the simulation many times, finding the present value of
the payoff when discounted at the risk-free rate. The average present value of all the
outcomes from the simulation is the estimate of the real option’s value.

We used the risk-neutral approach to simulate the value of the real option. With
5,000 simulations, our average present value was $7.19 million. With 200,000 simula-
tions, the average value was $6.97 million. As the text shows, the true value of the real
option in this example is $7.03 million.

One disadvantage of the risk-neutral approach is that it may require several hun-
dred thousand simulations to get a result that is close to the true value. Also, risk-
neutral valuation also requires that you know the current value and variance of the
growth rate of the underlying asset. For some real options, the underlying source of
risk isn’t an asset, and so you can’t apply risk-neutral valuation.

However, risk-neutral valuation offers many advantages as a tool for finding the
value of real options. The example we showed had only one embedded option. Many
actual projects have combinations of embedded real options, and simulation can easily
incorporate multiple options into the analysis. Personal computers are now so power-
ful and simulation software so readily available, we believe that within ten years, risk-
neutral valuation techniques will be very widely used in business to value real options.
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